Every de Sitter vacuum can transition to every other de Sitter vacuum despite any obstacle, despite intervening anti-de Sitter sinks, despite not being connected by an instanton. Eternal inflation populates the whole landscape.
We have no satisfactory theory of the initial conditions of the Universe. One of the great promises of eternal inflation is that it might make such a theory superfluous, because the predictions might be independent of initial conditions-that starting in any eternally inflating state the Universe would be driven towards the same attractor. In the context of the vast landscape of minima predicted by string theory, this would mean that the combination of exponential expansion of the vacua and quantum transitions between the vacua would erase the memory of the starting point. The landscape would have no hair.
In order for this to be true, a necessary condition is that the landscape be traversable, that there be a network of transitions connecting every inflating vacuum. The landscape must not break up into non-communicating superselection sectors, between which transitions are impossible, otherwise it would be necessary to know in which sector the Universe began. Any inflating vacuum must be able to populate the whole landscape. There are two challenges to this idea.
The first challenge is that not all vacua are connected by tunneling instantons. Instantons are Euclidean solutions that are used to calculate semiclassical tunneling rates [1] , and if there's no instanton, then it's not clear how to calculate the rate, and many authors have presumed that the rate is zero. Figure 1 shows a simple example of minima not connected by an instanton, and similar examples are common in realistic landscapes [2] [3] [4] [5] . In [3] , it was argued that the absence of an instanton poses an obstacle to populating the whole landscape. If the field starts in A, can it make it to C even though there's no instanton?
x V y A C Figure 1 : The potential, V (x, y), as a function of the two fields, x and y, has two minima on the line y = 0 and a runaway direction as y → ∞. Coleman [1] showed that, if an instanton exists, its profile is given by the trajectory of a particle sliding in the inverse potential, −V , that starts at rest near C and ends at rest at A. However, for the potential above, the minima are too far apart and the runaway direction is too steep, so there is no such trajectory-all the classical trajectories leaving C end up sliding down the runaway direction. There is no instanton that connects A and C.
The second challenge is intervening minima with negative potential. These minima give rise to anti-de Sitter (AdS) space, and act as sinks in the landscape. Once a field decays into AdS it can never leave-it can't uptunnel out, and it experiences a crunch in finite time. In [6] it was argued that intervening AdS sinks can divide the landscape into disconnected islands, and that only one island would get populated by eternal inflation. A simple one-field example is shown in Fig. 2 . If the field starts in A, can it make it to C even though there's an AdS minimum in between? φ A B C V Figure 2 : Again, Coleman's inverse-potential argument shows that there is no instanton that connects A and C. Worse, this time every path from A to C must pass through a region of negative potential. If the field settles in to B, it is stuck; B is AdS and uptunneling is impossible.
In this paper, we argue that the answer to both these questions is 'yes', that every de Sitter vacuum can transition to every other de Sitter vacuum, that the whole landscape gets populated. This is not a statement about the microphysical properties of the stringtheory landscape, but rather a statement about tunneling-we argue that any (topologically connected) multi-minimum field-theory landscape is traversable. We show that the transition rate between any two de Sitter vacua, even without an instanton, is nonzero; a nonzero rate, no matter how tiny, is sufficient to drive the universe towards a single attractor. In the final section, we provide evidence for a conjecture that even seemingly topologically disconnected landscapes are traversable in quantum gravity. Let's start with non-relativistic quantum mechanics.
All transitions are possible in quantum mechanics
Consider a particle with coordinates (x, y) in the potential V (x, y) from Fig. 1 . As in its quantum field theory counterpart, there is no tunneling instanton connecting the A and C vacua. Nevertheless if the particle starts in A, there is a non-zero amplitude to reach C. The Schrödinger equation is a diffusion equation with the property that after an infinitesimal time the wavefunction has support everywhere that is not infinitely removed from the starting point (except at a measure zero set of nodes).
Here's another way to say it: In the path integral approach, the wavefunction evolves along all paths with an amplitude weighted by exp [iS] . In the semiclassical approximation, the path integral is dominated by classical paths; far from the classical paths, it is argued that the integrand is oscillating so rapidly that the integral cancels. Beyond the semiclassical approximation, however, this cancellation is not perfect; except for a measure zero set of nodes that come from complete destructive interference, the wavefunction will be non-zero everywhere that is accessible by a Lorentzian path with finite S. Only when S → ∞ is the destructive interference perfect and uniform (by the Riemann-Lebesgue lemma); a quantum mechanical particle can tunnel anywhere, except through an infinite barrier.
Our diagnostic in determining what counts as a transition is that, first, there is a non-zero probability to be measured in C and that, second, once measured in C, the particle classically endures there (though semiclassically it may be unstable to further decay). This will be the appropriate diagnostic when it comes to the full landscape, because the gravitational degrees of freedom will decohere the different branches of the wavefunction with different values of φ and in so doing play the role of the measurement apparatus.
Some transitions are impossible in flat spacetime
For quantum field theory in a fixed Minkowski space (with G N = 0), there are some truly impossible transitions. One simple example is uptunneling; a field localized in the A minimum of Fig. 3 will never be able to uptunnel to the C minimum. Though we might measure a finite region of space to be momentarily in C, this does not count as a transition because the region of C does not classically endure: it contracts inwards and, within a few light-crossing times, disappears entirely. Transitions are likewise impossible from A to C in the potential of Fig. 1 . Again, if a finite region of C embedded in A does form, it will not endure: the wall will thicken, and the field inside the wall will slide off in the runaway direction, bringing the region of C with it. The issue in our examples is not just that there is no instanton, it's that in Minkowski space there is no way to make a field configuration that both asymptotes to A at spatial infinity and contains a classically enduring region of C.
We have a small paradox here. Quantum field theory is the non-relativistic quantum mechanics of a field (with a relativistic dispersion relation), and we just argued that in non-relativistic quantum mechanics, the wavefunction will immediately spread out over all configuration space. What goes wrong with this argument?
The problem is that transitioning from A to C requires tunneling through an infinite energy barrier. In quantum field theory, the wavefunction gives a probability distribution over field configurations and lives in a potential U [φ( x)] defined by
The field should be thought of as tunneling not through V but through U . In the examples above, the only way to form an enduring region of C is to deform an infinite volume of field away from its minimum, so there is an infinite barrier U [φ( x)] to tunneling. It is the infinite volume of flat space that prevents these transitions.
All transitions are possible with a finite volume
Quantum fields in a finite periodic box, however, can get from A to C. This follows directly from the fact that all transitions are possible in quantum mechanics and that the zero mode of the field can be treated as a quantum mechanical particle. It is always allowed, therefore, that the field everywhere in the whole box transitions homogeneously through the barrier. The rate for this process goes to zero as the box grows infinitely large, as can be seen using the WKB approximation. Both the mass of the zero mode and the potential faced by the zero mode are proportional to the volume; the WKB integrand is √ 2mU , so the rate to homogeneously transition is given by exp(−2 volume dφ √ 2V ). A fixed de Sitter background (with G N = 0) is like a finite box in the sense that only a finite region of field needs to make the transition-inflation ensures that, once formed, a horizon-sized volume of C will classically endure. Indeed, field theory on the causal patch of de Sitter is just the field theory of a horizon-sized box (with a finite temperature and a position-dependent Hamiltonian [7] ). Therefore, on a fixed de Sitter background, all transitions are possible.
The crucial feature of de Sitter is that only a finite volume needs to transition, not that there is a nonzero temperature. Turning on a temperature cannot make an impossible transition possible. For instance, a finite box at zero temperature can uptunnel, but hot Minkowski cannot; as we argued above, Minkowski faces an infinite potential barrier U to uptunneling, which a finite T cannot overcome. (A temperature can, however, enhance the rate of an already-possible transition [8, 9] .)
The whole landscape gets populated Consider the landscape of Fig. 2 with gravity dynamical (G N = 0) . This potential encompasses both of the challenges of the introduction, and we have constructed it to serve as a proxy for the most difficult transitions in the landscape.
In a fixed de Sitter space, there would be an instanton that tunnels from A to B, and then a second that tunnels from B to C, so that two sequential semiclassical tunneling events would populate C. But gravitational backreaction blocks this route. Were V B zero, a field that settles in to B would find itself in Minkowski space, which cannot uptunnel. Since V B is negative, not only can the field not uptunnel, it cannot even 'settle in' since it will crunch in finite time.
One method of traversing an AdS minimum that works for some potentials is bubble collisions [10, 11] . In the potential of Fig. 4a , if the field begins uniformly in A, tunneling events will produce bubbles of B that expand and eventually collide. These collisions can throw the field into the C vacuum, which begins eternally inflating-one bubble nucleation can't reach C but two bubbles colliding can. This collision mechanism only works, however, when the potential obeys several constraints [11] , amongst them that the C vacuum has lower energy than the A vacuum, and that the C vacuum is close in field space. We have constructed the potential of Fig. 2 so that the C vacuum is too distant and cannot be populated by bubble collisions. : Two potentials for which C is reachable using instantons. a) This potential has the C vacuum close enough in field space and has the right hierarchy between V A , V B and V C to allow the collision of two bubbles of B to produce an enduring region of C. b) This potential has a Hawking-Moss instanton that carries the field homogeneously to the top of the AB barrier. As the field rolls off the crest it gathers so much velocity that it overshoots B and ends up in C. The standard decay instanton from A leads not to B but to C.
Another method of traversing an AdS minimum that works for some potentials is a large field velocity. The instanton that mediates tunneling out of A deposits the field somewhere on the slope between A and B. (The extreme example of this is the Hawking-Moss instanton [12] , for which the field emerges uniformly at the top of the AB barrier. This instanton describes a thermal process by which the field is given just enough of a homogeneous push to reach the crest of the barrier with zero velocity.) After emerging, the field rolls down the slope towards B, picking up velocity. In the potential of Fig. 4b , this velocity is large by the time the field reaches the bottom and, as we will soon show, a large enough field velocity can carry the field through B, over the BC hump, and into C. However, we have constructed the potential of Fig. 2 with a broad B minimum and a large hump between B and C so that this mechanism cannot reach C.
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There is no instanton or chain of instantons that connects A and C. However, as we argued in the quantum mechanics section, this does not mean that the transition is impossible, just that it must proceed by non-instanton means. We will show that the rate is nonzero by finding a finite action Lorentzian path that connects the state where the field is uniformly in A to a state with a region of C large enough to classically endure.
In constructing this path, we are not required to choose a φ(t) that satisfies the scalar field equation, which for an FRW metric is
because the path contributes to the path integral regardless. However, once φ(t) is chosen, we have no further freedom to choose the evolution of the scale factor a(t), because it is set by the gravitational constraint equation. Every path that contributes to the path integral must obey Friedmann's equation, which on O(4)-symmetric slices is
We must therefore take care to ensure that the path is well behaved as it crosses the region with V < 0, because if a diverges then so does S, and if spacetime crunches then the field never reaches C. There are in fact many satisfactory paths. As an existence proof, we will describe one such path-a relative of the Hawking-Moss process-that has a clear physical interpretation because it gets all its non-classical behavior in at the start. In the Hawking-Moss process, the field leaves the crest of the AB barrier with zero velocity and, for the potential of Fig. 2 , does not gather enough velocity rolling down to make it past B. Consider the path that 1 A Hawking-Moss (HM) instanton that is perched on the crest between B and C does not represent decay from A and so cannot mediate the desired transition. In the language of Starobinsky [13] , a stochastic random walk of the field would get stuck in B [6] . In the language of Jensen and Steinhardt [14] , the HM instanton is the limit of Coleman-De Luccia (CDL) instantons as the wall thickness grows to be horizon size, but the CDLs of which the HM is the limit connect not A and C but B and C [15] .
gives the field a bigger initial push; a large enough uniform positiveφ will propel the field straight past B, and on to C.
To confirm this story, we need to check that a large enough initial field velocity can propel the field arbitrarily far. In the limit of hugeφ, Eqs. 2 and 3 becomė
so that so long as the desired ∆φ is sub-Planckian, and the V s are sub-Planckian, the field can always get there with aφ initial that is itself sub-Planckian:
The scale factor is well behaved throughout and indeed the spacetime expands by less than an e-fold:
(For some potentials, the largeφ means the field classically overshoots not just B but also the target minimum C, eventually coming to rest elsewhere in the landscape. For these potentials, we need two quantum violations of the equation of motion, Eq. 2: one to propel the field as far as C, and another to stop it on upon arrival. For other potentials with superPlanckian field excursions ∆φ, we require repeated quantum violations along the path, many small pushes, to ensure the energy densities remain always sub-Planckian. Such paths still obey the constraint equation, Eq. 3, so they still contribute to the path integral and A can still transition to C.) The original interpretation of the Hawking-Moss process was that it describes the transitioning of the entire Universe to the top of the barrier-the whole equator of de Sitter fluctuates up and none of the original vacuum remains [12, 16] . Following this interpretation, the transition path described above corresponds to a complete closed slice of de Sitter uniformly transitioning from A to C. However, a modern interpretation of Hawking Moss [7] (and the one we prefer) is that the process describes only a single horizon volume of field perched uniformly atop the barrier, and that outside the horizon the field smoothly interpolates back towards the false vacuum. Following this modern interpretation, the transition path described above corresponds to the formation of a horizon-sized region of C, outside of which the field smoothly interpolates through B and back towards A. Though the region of B does grow in both directions, consuming A and C alike (and eventually crunching), the region of C is large enough, and inflating fast enough, that it classically endures.
In a fixed de Sitter space the frequency of such fluctuations is given by the Boltzmann suppression factor
This rate will generally be an underestimate, first because it does not include gravitational backreaction, which will tend to shrink the horizon volume and increase the effective temperature, and second because, depending on the details of the potential, this may not be the most efficient route across the barrier. The important thing, however, is that the rate is non-zero: a non-zero rate, no matter how small, is sufficient to erase memory of initial conditions and populate the whole landscape.
Discussion
We have described one finite-action Lorentzian path from A to C, but there are many. A final concern is that their amplitudes might add to zero, they might completely destructively interfere. This will indeed happen for some final states, but the set of such final states will be measure zero. The wavefunction provides a map from configuration space into C; because the origin is only a single point in the complex plane, nodes of the wavefunction generically form a codimension two surface. Even if the state with the field uniformly in C is inaccessible, there will be an accessible state arbitrarily close in configuration space. So far, our arguments have been about topologically connected field-theory landscapes, where any field value can be smoothly deformed into any other. However, it seems reasonable to conjecture that in quantum gravity all vacua, even the seemingly disconnected ones, are reachable from a de Sitter starting point. There are three pieces of supporting evidence. First, in string theory, a persistent pattern of discovery is that seemingly disconnected landscape areas are in fact connected [19, 20] . Second, even in the context of Coleman-De Luccia instantons, de Sitter vacua can transition across infinite potential barriers-as V → ∞ the instanton that mediates the transition shrinks to zero size, so that the instanton action goes to zero and decay proceeds with a nonzero rate of once per Poincaré recurrence time. So, insofar as disconnected areas of field space can be thought of as separated by an infinite barrier, they will still be reached. Finally, there is good evidence for an equivalent conjecture as it relates to global charges, that non-perturbative gravitational effects violate all global symmetries [21] [22] [23] and conserve no global charges, so that quantum gravity respects no global superselection sectors.
In this paper we have shown that, as long as there is a nonzero amplitude to eternally inflate, the whole landscape gets populated. This amplitude will be nonzero if the initial alternative to the Hawking-Moss/Coleman-de Luccia process that consumes less than a horizon volume of A. In this paper we have assumed, following [18] , that this instanton does not contribute to the path integral. If in fact it does, then presumably there is an analogous alternative to our process that also consumes less than a horizon volume of A. If valid, the FGG mechanism would make populating the landscape unchallenging.
conditions of the Universe are de Sitter, but it will also be nonzero if the initial conditions are defined on any compact surface. Finite spaces can transition everywhere, so if the Universe starts finite, some branch of the wavefunction will uptunnel and inflate. The only way to stop eternal inflation is to start with a spatially infinite Universe. If any part of the landscape supports eternal inflation, then the Universe is necessarily infinite in space or time.
